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The following notation is used in the Appendix to simplify the presentations: K} (z) = K (x/h)/h, P(C9) > u) =
WE(u), P(TW > u) =WT(u), P(X9W >u)=W.(u), fy(s|to) is the density function of Sy; given Ty; > to, for
g= Aor B,

_ 1 (4)
Al = St g @ o

In addition to the independent censoring assumption and conditions (2.1) and (2.2) stated in the text, we assume the
following regularity conditions: (1) the density function of S 4; has a continuous derivatives bounded away from zero, (2)
S 4; and Sp; have the same bounded support Qg, (3) A 4(¢]s, to) has bounded continuous first and second partial derivatives
with respect to ¢ and s, (4) {na/n,np/n} = (7a,7p) € (0,1) x (0,1) asn =n4s +np = 00, (5) h=0(n""),1/4 <
u < 1/2, (6) K is a kernel symmetric at zero on the support (—1,1) and [ K(z)2dz < oo, (7) P(T9) > t) > 0 and
P(T9 > t4) < 1 for g = A, B. For simplicity of presentation we suppress the (-) in K, {v(S4;) —v(s)} and simply
write Kh(SAi — s)

(t,to) = /?/JA(t | s,t0)dFB(s|to).

Appendix A:. Justification for the Proposed Proportion of Treatment Effect Explained

We next show that under conditions (C1)-(C3), 0 < Ag(¢,t0) < A(t) and 0 < Rg(t,to) < 1. Using integration by parts
A(t) — Ag(t, tg) :/ Yalt]s,to) {W4 (to)Fa(dslto) — W (to) Fp(ds|to) }
Sy

A (tsu,to) {WT (to) — WE(to) } — / W () Faslto) — WE(to) Fa(slto) } a(tlds, to)
=ha(t]si, to) {WA (to) — W5 (t0) }

+/ {P(T(A) > 19, S > 5) — P(TP) > ¢, 5P) > s)} Ya(t|ds,to)
S

where s, and s; are the upper and lower bounds of the support for S |T(9) > ¢, respectively. From condition
(C2), we have W1 (to) — WE(tg) = P(S™) > 5, T > t5) — P(SP) > 5, TP > t3) > 0 and P(SA) > 5, 7A) >
to) — P(SB) > 5, T(B) > t4) > 0. This, together with condition (C1) that 4 (t|s, o) is an monotone increasing function
in s, we have A(t) — Ag(t, tg) > 0. Furthermore, from condition (C3) that 14 (¢|s, to) — ¥ p(t]s, to) > 0,

As(t,to) = W (to) / a(t]s, to) F (dslto) — W (1)

Z/{ll)A(tIS»to) —¥(tls,to)} Wi (to) F(dslto) > 0.

Therefore, 0 < Ag(t,t0) < A(t) and 0 < Rg(t, to) < 1 if we define 0/0 = 0 to account for the case A(¢) = 0.

Appendix B:. Asymptotic properties of ﬁg(t, to)

Under regularity conditions (1), (3), (5) and (6), A A(t]s, to) is a consistent estimator for A 4(¢s, to) uniformly in s € Qg
and consequently supq [¢a(t|s,to) —a(t|s,to)| = 0p(1), from the uniform consistency of the conditional Nelson
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Aalen estimator [1]. This, together with the uniform consistency of the Kaplan-Meier estimator [2], implies that and

Z ba Ya(t[SBi,to) W () (1 1) = n! Z {wA/(ﬂSBi,to) B 'l/}A(tSBi;tO)}

dj Cc
XBi>to WC fo) “ XBi>to Wg(to) WB (to)
X [ I(Xpi > to)Ya(t|Spi,to)
-1 Bi 0)¥PA Bi, L0 T (A) —
+np { WC(t) — Wg(t )‘I’adj (t,to)} =o0p(1)

i=1

Similarly, the inverse probability weighted estimator nBl SorP I(Xp > t) /Wg (t) is a consistent estimator of the
survival probability W} (t) = P(TP) > t). Therefore, As(t,to) — Ag(t, to) = op(1).

We next derive the asymptotic distribution for Ws(t, to) = n3{Ag(t, to) — Ag(t, to)} = WE%{WSQ(t, to) — WSl(t)},
where Wy (£) = np? SV 2 {I(Xpi > t)/WE(t) — WE(t)} and

WSQ(t to) = TLB Z

=1

adj

[m (t1Sp:, to)[(Xp: > to)

Wg(to) - Wg(fo)‘l’( )(t»to)l .

From the asymptotic properties of the Kaplan-Meier estimator [2],

1 1 1 | b aMS,(z)
n2 — _ =—n.2 Bi ; (1)
B {Wg(t) 10 } 22 Wew )y WA
where M(z) = I(X < 2) fo (Xgi > u)AY (u)du and XS (u) is the hazard function of C(9), for g = A, B.
It follows that W51 = n32 Z”B §Bz ) + 0p(1), where
Epi(t) = WE () {I(XE“ >0 g [MAMEE) }
Bi = —_— _—
¥ W (t) o WE(2)
Furthermore
I(XBZ‘ > t) t dMgZ(Z)
X T X
Wi () o Wg(2)
IXpi>1) / d{Mgi(=) + M]?Z )} dM§L
710 ! WX (z
_ [T dME(2)
o Wi(z)’

where MY (z) = I(Xg; < 2)0gi — [ 1(Xgi > u)AL (u)du, AT (u) is the hazard function of T9) and ¥ (u) = AT (u) +
)\gc(u) is the hazard function for X(9) = 7@ A C (q ) for g = A, B. Therefore,

t T
dMz,(2)
Epilt) = -WE(®) | 37~
o o Wi(2)
and ng' Y1 {I(Xpi > 1)/ WB (t) is asymptotically equivalent to the KM estimator for the survival function of T(Z) at

time ¢.
For Wsa(t, to), we may write Wsa(t, to) = I + I, where

_1 Va(t|Spi,to) I (Xps >t
_”B Z A | Bi; L0 ( B 0) —Wg(to) Eldj)(t to)
WB(tO)

I, = 711%3 / {¢A(t|57t0) - wA(t|S,to)} Fp(ds, to)
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I(Sp; < s,Xp; > to)/WB (to). For I, from (1) we have I; = n32 ZZ 17731 (t to) + 0,(1)

dM&(u)]

and Fig(s, to) = ng' S
where
(A) Ya(t[SBi,to) [(Xpi > to)
nBi(t,to) = Wh(to) ¥, (t,to) -1+
b 4 vt te)  WE () o WE(u
) (X r; to gpmT.
_ Wg(to)‘lfflg}(t,to) '(/)AEQ)SButO) B ( }iz >to) d )1?1(“)
vl (t,t0) Wi (to) o Wg(u)

For I, we note that under regularity conditions (1), (3), (5) and (6)
nA t
(t]s,to) — Aa(t]s,to) =nz' > [Kh S — s)/ rA(u|s,t0)HAi(du|s,to)} +0,(h?)
i=1 to
uniformly in s, where
I(Xa;>t ¢
( A O)MAZ(HS t()) MAl(t‘S t()) = I(XAZ S t)(SAZ — / I(XAZ > U)AA(d'LL|S t())
0

Hai(t]s, tg) =
AU = T T
It then follows from the functional delta method [3] that
na t
= *12 [Kh Sai—s / TA(ZS,to)HAi(dU|S7t0):| + Op(h*)
0

Da(t]s,to) — balt]s.to)
A(t|57 tO)

Therefore,
i na t N
Iy = —ny nBZ// Pa(tls,to) Kn(Sa; — s)ra(uls, to)Ha;(duls, to) Fp(dslto) + op(ngh?)
T

LA (X > to)/ {/m tls, to) Kn(Saj — 8)7'A('u|s,to)FB(dSIto)} M;(duls, to) + 0p(1)

=-n n
A Mp p WT(to)
Noting that
sup lHe,n(u7§)| = OP(1)7
u€lto,t],5€0s
where
i i fB(Slto)a(t]3, to)
H. ., (u,3 /quts,tOKhs—srAus,toFBdSto z z ’
( (s to) a5 = s)raluls, o) E{dslto) = £ 5y s als, to) W ()
we have
7L ’ILA I X . t ~
ny? =1 (VI;‘TJ(;);U) {/wA(”b to)Kn(Sa; — S)TA(uls’tO)FB(déltO)} Maj(duls, to)
- 4 I(Xa; > to) fB(Sajlto)ba(tlSaj,to) o r 3§ IXay > to)
7nA2 = WT(to) / fa(ulSaj)va(ulSaj,to) WS (u )MAj(du‘S’tO) Fnat ,:2:1 W1 (to) to HE nl SA])MAJ(dUIS )
3 A I(Xa; >to) [t f(Sajlte)pa(t|Saj,to) T
=n 2 (duls o
A = Wit fA(u‘SAj)wA(ulsAJ‘!tO)Wg(u)MAJ(d o)+ en
nA I(XA]>tO) fto emn u SAJ)MAJ(dU|S to) 18 boundedby

Here we used the fact that the variance of n, L >l WT o)
I(X
(X4 > u) A (duls, to)} = o(1).

E sup |He.n(u, )2 {/
]XQS t() WZ( )

(u,§)€[t0,t

z ’EZnA] (t,to) + 0p(1),

Therefore
IQ (7TB /7TA 2
Jj=1
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where -
I(XAJ' > to)fB(SAj|t0) t JVfAj(du|SAj,t0)

WX (to)fa(Sajlto)  Ji, a(ulSaz,to) WK (ulto)
and W§ (ultg) = P(CH > u|CA) > t;). Tt follows that

naj(t,to) = wa(t[Saj,to)

na
Ws(t,to) = (mgnp)”~ Z{Tl& (t.to) — Epi(t.to)} + (mana) ™2 ZT]Aj(t,to) + 0p(1),
=1

Therefore, under regularity condition (4), W\g(t, to) converges to a normal distribution with mean zero and variance
oi(t,to) = 5 E[{npi(t,to) — £pi(t, t0)}2] + 71 E{na;(t,to)?} by the central limit theorem.

Appendix C:. Justification of the perturbation-resampling procedure

Let Wg)) (t,tg) = n2 {ﬁg’) (t,to) — Ag(t,to)}. Using similar arguments as given in Appendix A, it can be shown that

na
WO (t,t0) = (rpnp)” Z{n& (t,t0) — Epilt, b)YV + (mana) 3 > naj(tta) VD + 05(1)
j=1
where V) = (VP ... ,VgZZB,
as a finite third moment and 7 is the joint probability measure generated by V(*) and data. Coupled with the expansion for
Ag(t, tg) — Ag(t, to), it implies that

Vf(ﬁ), e VX;L)A} are i.i.d positive random variables with unit mean and variance as well

w\»—

n#{AY (t,t0) — As(t,to)} = (mpnp)” Z{ngztto — &milt to) YV — 1)

na

+(mana) ™D nai (1 10) (V) = 1)+ 0p(1).
j=1
Conditional on the observed data and thus conditional on {{g;(t, %), nB:i(t, t0), na;(t, t0), i =1,--- ,na,j=1,--- ,np},
nz {ﬁ(;) (t,to) — Ag(t, to)} converges weakly to a mean zero Gaussian random variable with a variance of 0% (¢, to), as
n — oco. Therefore

~

sup ‘ ( %(A 35) <z data) —pr (n%(ﬁs —Ag) < x) ’— op(1),

and the conditional distribution of n%{ﬁg))(uto) - ﬁs(t,to)} can be used to approximate that of n%{ﬁs(t,to) —
Ag(t,t9)} when the sample size is large.
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